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NOTE ON INTEGRATING FACTORS* 
By Edwin Bidvvkll Wilson 

In a recent note Saurel has given a simple and elegant proof of a theorem 
of Lie's on integrating factors as it has been generalized by Guldberg.f The 
results are obtained and stated in terms of the infinitesimal transformation 
(^n ^21 • • •» ^«) • I have been accustomed to prove an analogous theorem without 
any reference to infinitesimal transformations, and as this latter theorem has 
some interesting applications, especially to the question of singular solutions, 
quite independently of any idea of transformation, the following note may be 
of interest. 

Theorem 1. If the total differential equation 

(1) X^ dx^ + X^ dx.i+ . . . + X„ dx„ = 0, 

where X^, X^, ■ • -, X„ are functions of (x^, x.-^, ■ ■ •, x„), be integrable with 
the integrating factor iJi(Xi, x.^, • ■ •, x„) so that 

(2) /*(Xi dxi + Xo, dx^+ ■ ■ - + X„ dx„) = dF = 

and F — constant, then the normal derivative of the integral F is 

(3) ^ = Wjf + a:i+... + a-. 

The proof may be conducted geometrically in a manner very much the 
same as that given by Saurel. Let {x^, x^, • • •, x„) be Cartesian coordinates 
in an n dimensional space i?„. Then the linear equation (1) between the 

•Read before the American Mathematical Society, February 24, 1906. 
tP- Saurel, "On integrating factors," Annals of Mathkmatic;*, ser. 2, vol. 6 (190.5), 
pp, 185-189. 
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differentials shows that at each point of i?„ there is a planar space i?„_i of 
w — 1 dimensions in which the differentials dx,, dx^, • • ■, dx„ lie and to which 
the integral surfaeci F = C consequently are tangent. The lineal element ds 
or dn which is normal to this planar element (1) is defined by the following 
system of differential equations : 

(4) 
No \v 

is obviously an identit3^ But from (2), 

cF dF dF 

dF = x-7 dxi + ^ — dx^ + • • • + TT-^ dx^ = fiXidx, + fiX^dx^ + • • • + iiX^dx^, 

or 
... dF „ dF „ dF ^ 

On merely substituting (4) and (6) in (5) the desired relation (3) is imme- 
diately obtained. 

It should be noted that in this work F = C has been taken as the 
solution of the differential equation ( 1 ) . It is true that 6r = e^ = C or 
G = log F = C are likewise solutions of (1) . And so is v = fi i^{F) , where 
Q, is any function, an integrating factor of the differential equation. Naturally, 
(3) docs not hold for every solution G = C and any of the integi-ating factors v 
selected at random : for any given integrating factor fi there is a definite solu- 
tion determined by (2) and obtainable by direct quadrature 



/ ixXi dxi + / /xXa dx2+ ■ ■ ■ + / ij.X„ 



dx 



n' 



where in the second integration x, is put equal to some constant Xjo, in the 
third integration Xj = Xjo and x.^ = x^q, and in the »^*'' integration x, = Xiq, 
x., = X.2Q, • • •, x„_i — X(„_,)o. It is this particular function F which must be 
taken with the given factor fi in order that relation (3) be satisfied. Thus 
each fi determines one specific F and conversely. 
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Applications of relation (3) to various geometric problems in case n = 2 
have been given,* and similar problems are solved similarly for « > 2. But 
the relation may equally well be used for discussing the. singular solutions 
from a purely geometric point of view. Looking at the matter from this geo- 
metric point of view, we shall use the term singular solution to mean the 
envelope of the general solution, whether or not this envelope happens to be 
a particular solution of the equation. In some treatments of differential 
equations one may find the statement that /x = co or ij,~^ — gives the singu- 
lar solutions. f With a little more precision may be stated 

Theorem 2. />i the total differential equation 

( 1') X^dxi + X^dx^ + • • • + Xndx,^ — 0, 

let -Zi, X-i, ■ ■ ■, A',, he functions of {x^, x-i, • • -, x„), tchich[l°) never become 
iniinite over any H^ — i ^l/>-»'9 *'** ^n '^''^(^ {'^°) ^'^ ^'^t all simultaneously vanish 
for any i?„_i lying in Ii„; if such a differential equation admit the inte- 
grating factor fi and the corresponding solution F = (7, then /u = x> £>?• ;i4 ~ ' = 
gives the singular solutionis, i. e., the envelopes, and the limiting solutions 
F = ± x>. 

Consider the equation 

(3') - = jj^ = 9{Xi, X.2, ■ ■ -, Xn) = 0. 

dn 

The function <I> may consist of several factors ^i, • • ., (j};. which, when in- 
dividually equated to zero, define surfaces i?„_i in J!?„. It is to be shown that 
these are limiting solutions F = ± ca or singular solutions, i. e., envelopes of 

*Lie-Scheffers, Differentialgleiehungen (1891), chap. 9, §§1-2, pp. 150-162; also pp. 337- 
340. (Partly reproduced in Page's Ordinary Differential Equations). 

t RoucM at L6vy, Analyse infinitesimale, vol. 2, p. 521, and de la Vall6e-Poussin, Cours 
d'analyse, vol. 2, p. 265 and p. 137. The treatises of Forsyth do not seem to mention this 
method of obtaining the singular solutions. Moreover, the definition of singular solutions 
differs with different authors. Thus Appell, Elements d'analyse mathematique, p. 583, states 
that a singular solution is one which is not a particular solution. De la Vallee-Pous.sin, loc. cit., 
p. 137, defines it as a non-particular solution occurring in a region where the conditions of 
continuity are not fulfilled. The statement by Forsyth, Differential equations, p. 33, seems too 
indefinite to admit of any precise meaning. Theorem 2 may be of assistance in clearing up 
some of this obscurity. 
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F z= C, and that conversely all limiting solutions and envolopes of i^ = O 
are contained among them. As the radical in the numerator does not ever 
vanish over an i2„_i [owing to the restriction 2° placed on (1')], the only 
chance for ^ to vanish is that dFjdn be infinite. Moreover conversely as 
the numerator never becomes infinite over an jK„_i [owing to the restriction 
1°], the surfaces -B„_i over which dFjdn is infinite must give to 4> the value 
0. Now dFjdn becomes infinite : first, when dn is an infinitesimal of higher 
order than dF, i. e., when there is relatively no change in the normal 
direction on passing from the surface F = C to the neighboring surface 
F = C + dC\\.e., when F = O has an envelope ; secondly, when dF = dC 
is becoming infinite, i. e., when F is becoming infinite (dn cannot become 
infinite if the surface remains in a finite space Ii„) . The first case is that of 
the singular solution ; the second, that of the limiting solution F = ± ^ .* 

If ;u.is one integrating factor of (1) and if i*' = C be the corresponding 
solution, any other integmting factor is of the form fi n(F). The corres- 
ponding solution is G = I D,{F)dF. From relation (3'), 

\lx\ + x-i+ . . . + xi _ y/x| + XI + • • ■ + jq; 



,^iF) dG dF 

dn ^ ' dn 

This, of course, vanishes over the singular solutions found previously 
and over the limiting solutions ^l(F) = G = cc . From this it is evident 
that, owing to the arbitrary nature of II, any particular solution of the equa- 



* The existence of these limiting solutions in ^— ' = seems to have been pointed out 
for the first time by J. Boussinesq in 1878. See his Cows d'analyse infinitesCmale, vol. 2, 
pp. 233*-240.* The matter does not seem to have been taken up by later writers. Almost all 
works on difl'erential equations treat in considerable detail the extraneous factors in the O- 
discriminant and in the p- discriminant, and even go so far as to attempt to predict the multi- 
plicity with which these factors occur — a ratlier delicate question in view of the loose state- 
ments made concerning the functions which occur as coefficients in the differential equation. 
The discussion is carried on geometrically. Perhaps the absence of similar discussions for 
the equation /u"^ ^ is due to the previous lack of geometric interpretation of the problem 
— a lack which it is the aim of this note to supply. 

The discussion given by Boussinesq in his Cotirs does not make use of our relation 
(3), and cannot be considered as very accurate. It follows a more heuristic method; and 
is, in fact, highly instructive, as a first step. 
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tion may occur as a limiting solution of ( 1') if only the proper integrating 
factor be chosen. 

The question of removing the restrictions 1° and 2° from theorem 2 is 
somewhat complicated. These restrictions were placed upon the differential 
equation precisely for the purpose of keeping relation (3) from becoming in- 
determinate by the vanishing of the numerator when the denominator vanished, 
or by its becoming infinite when the denominator became infinite. It is easy 
to see from the simple example dx + {xly)dy = 0, for which n = 1/x and 
F — log {xy) = C, that 1/fi = does not necessarily give all the limiting 
solutions F = ± xi . 

The statement is sometimes made that if 

X^ldx^ + Xt^dx^ + • • • + ^n^^^n = 

is a differential equation, all factors common to the X's should be removed 
by cancellation. This is all very well in case the X's are polynomials, and 
the process affords an equation which satisfies restriction 2°. In like manner 
if the -X"'s were rational fractions, multiplying by the least common multiple 
of the denominators would yield an equation satisfying restriction 1°. But 
the theorem of factorability for polynomials has not been extended to analytic 
functions in general, except under the restriction to small regions.* Hence it 
will not do to assume that every equation (l)can be put in the restricted form 
(!') by multiplying by some function /"(Xj, Xj, • • •, x„). 
Suppose, however, that 

Xidxi + X^dx^ + • • • + Xndx,^ = /( Yidxi + Y^dx^ + • • • + Y„dx„) = 0, 

where the Y'3 satisfy the conditions of theorem 2. Let /j,' be an integiating 
factor of 2 Ydx = 0, and let F be the corresponding solution. Then fi = fi'/f 
is an integrating factor of 1.Xdx = and the corresponding solution is still 
F. The equation 

shows that l/fj, = along the envelopes and the curves F = ± x firdy= 
except as such curves make / and fi' vanish as infinitesimals of the same 

♦See W. F. Osgood, " Allgemeine Theorie der analytlschen Funktionen," EvyHopadie 
der niathematischen WisnenscJiaften, vol. II-', §42, p. 101, §46, p. 105, 
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order. As it is obviously easy to give examples where l//t = does not 
meroly fail to give all the solutions i^ = ± x> but also fails to give the envel- 
lopes, it appears that in case the restrictions 1° and 2° are removed from theo- 
rem 2, the theorem becomes too indefinite to be of much value, namely that 
l//i = contains no curves other than the singular solutions, the limiting 
solutions, andy= 0. It may not contain any of them. 

Yale University, 

January, 1906. 



